We provide a detailed analysis of a topological structure of a fermion spectrum in the Hofstadter model with different hopping integrals along the x, y, z-links (tx = t, ty = tz = 1), defined on a honeycomb lattice. We have shown that the chiral gapless edge modes are described in the framework of the generalized Kitaev chain formalism, which makes it possible to calculate the Hall conductance of subbands for different filling and an arbitrary magnetic flux φ. At half-filling the gap in the center of the fermion spectrum opens for t > tc = 2 φ , a quantum phase transition in the 2D-topological insulator state is realized at tc. The phase state is characterized by zero energy Majorana states localized at the boundaries. Taking into account the on-site Coulomb repulsion U (where U << 1), the criterion for the stability of a topological insulator state is calculated at t << 1, t ∼ U . Thus, in the case of U > 4∆, the topological insulator state, which is determined by chiral gapless edge modes in the gap ∆, is destroyed.
INTRODUCTION
In the framework of the Hofstadler model [1] , we study the conductance of the 2D Chern insulator (CI), in which the Hall conductance σ xy = e 2 h C γ [2] is realized in the insulator state at the rational magnetic flux φ = p q , where p and q are relatively prime integers, C γ is the Chern number of γ-filled subbands. For a square lattice and odd q, the spectral q − 1 gaps are labeled by the Chern numbers. The phase diagram representing the values of the Chern numbers as a function of a magnetic flux φ is known as the colored Hofstadter butterfly. The colored Hofstadter butterfly has been calculated for the honeycomb [3] , triangular [4] lattices. Wiegmann and Zabrodin established that the Hofstadter model is related to the quantum group U q (sl 2 ) [5] , the model Hamiltonian is determined in terms of the generators of the quantum group. Using the exact solution of the Hofstadter model defined on a square lattice for the rational flux [5] , the authors [6] have calculated the wave function of spinless fermions at zero energy in the semi-classical limit at p = 1 and q → ∞. Near the boundaries of the sample the wave function of fermions is localized, power-low behavior of the modulus of the wave function is critical and unnormalizable. In the center of the spectrum, the chiral Majorana fermion liquid is realized at q=N (N is the size of the sample), the Bloch states disappear in the bulk of the system [7] . In [8, 9] the authors associate peculiarities of topological behavior at zero energy with the Van Hove anomalies, that exist in each band in the butterfly landscape. In [10] the solution [5] has been generalized on the honeycomb lattice.
At half-filling the gapless state of the spinless fermions determined by the tight-binding model defined on the honeycomb lattice is unstable [11] . In the case of taking into account the next-nearest-neighbor hoppings of fermions, nontrivial stable solutions for the phases, that determine these hopping integrals along the links, lead to spontaneous breaking of time reversal symmetry and CI state [11] . We show, that in an external magnetic field and at half-filling the topological phase transition occurs from gapless state to gapped topological insulator state.
Topological insulators (superconductors) can be characterized alternatively in terms of bulk or edge properties, so-called the bulk-edge correspondence. So by calculating the winding number of the gapless edge modes along a loop in the Brillouin zone it is possible to assign to each gap its Chern number or the Hall conductance for given filling. In the case of an irrational flux the Brillouin zone is not defined, as a result, we can not calculate the Chern number integrating the Berry curvature over the Brillouin zone. We circumvent this problem by computing the Hall conductance using a different approach, calculating the total number of gapless edge modes in the gap [12] . We show that the topological properties of the band spectrum reflect the nature of the corresponding chiral gapless edge modes localized at the boundaries of the sample, their total number in the gap is conserved under both rational and irrational magnetic fluxes.
In this paper we investigate the topological structure of the spectrum of spinless fermions defined on the honeycomb lattice. It is shown that the state of an insulator with nontrivial topological properties is realized in a magnetic field. This state is determined by zero-energy Majorana states localized at the boundaries of the 2D system. The proposed approach allows to calculate topological numbers in the case of irrational magnetic fluxes. Despite numerous theoretical calculations, there is no universal criterion for realizing the topological state in the insulator with allowance for the short-range Coulomb repulsion. Such a criterion should connect the value of the gap of a topological insulator with the magnitude of the Coulomb repulsion between fermions. Taking into account the exact solution of fermion chain model [13] depend on the symmetry of the lattice, we believe that it is generic and can be applicable to different 2D topological insulators.
MODEL HAMILTONIAN
We consider CI insulator defined on a honeycomb lattice within the Hofstadter model [1] . In the presence of a transverse homogeneous magnetic field He z the model Hamiltonian has the following form
where a † j and a j are the fermion operators determined on a honeycomb lattice with sites j. The one-particle Hamiltonian (1) describes the nearest-neighbor hoppings of spinless fermions with different amplitudes along the xlinks t x (j) = t and along the y-and z-links t
is determined in the quantum flux unit Φ 0 = h/e, a homogeneous field H is represented by its vector potential A = Hxe ξ , e ξ = { 2 }, while the X-axis coincides with the direction of the x-links, is perpendicular to the ξ-direction. The x-links determine coupling between zigzag ξ-chains, the vector potential is directed along e ξ . We consider the 2D fermion system in the stripe geometry Fig.1 with open boundary conditions for the boundaries along the zig-zag chains (a sample has size N × N). The magnetic field enters the Hamiltonian (1) as the magnetic flux φ through an unit cell. The Hamiltonian is defined both rational and irrational magnetic fluxes. , t = 1 a), t = 
TOPOLOGICAL STRUCTURE OF THE SPECTRUM
The rational flux φ =
4
Let us consider formation gaps in the butterfly landscape at a rational magnetic flux φ = . This case corresponds to a simple butterfly landscape in which the Chern number is different for different gaps. Numerical calculations of the fermion spectrum, obtained for a stripe geometry (see in Fig.1 ), are shown in Fig.2 . ), t = 1 corresponds to an isotropic case. The low energy spectra near the zero energy and the imaginary part of the wave vector kx as function of the wave vector along the ξ-chain, calculated at q = 4, t = 1 and t = 1.3, illustrate the gapless and gapped states.
The spectrum is symmetric with respect to zero energy, it includes seven isolated subbands. The topological structure of the subbands is determined by the following Chern numbers {1, 1, −3, 2, −3, 1, 1}, here two (gapless) subbands in the center of the spectrum are one topological subband with the Chern number 2. Below we show that the state of fermions in the center of the spectrum (at = 0) is nontrivial for an arbitrary rational magnetic flux. At = 0 the spectrum is gapless for t < t c = 2 1 4 , at t > t c the gap opens. We recall that for φ = 1 the gap opens at t > 2 [14] (see in Fig.3 ), at weak next-nearestneighbor hoppings of fermions the gap also opens [11] . The gapless state is transformed into the gapped state at half-filling and t > t c . From calculations of the spectra for an arbitrary rational flux φ = 1 q it follows that t c = 2 1 q (numerical calculations of the spectra for different t were carried out in [15] ).
Stability of zero energy states, localized at the boundaries, is determined by the imaginary part of the wave vector k x (wave vector with direction perpendicular to the boundaries), a change in its sign leads to the instability of this state. The imaginary part of k x depends on the value of the wave vector along the zig-zag chains k and t, changes sign at the singular points (see in Fig.3 ). At t = 1 the points p π 2 ± π 12 , p = 1, 2, 3, 4 define the regions of existence of zero energy Majorana states (marked by yellow) depending on the magnitude of the wave vector. These regions increase with t and at t > t c zero-energy Majorana states are realized in the entire range of k. For an arbitrary rational flux φ = 1 q the bulk spectrum is 2π q -periodic. The wave function of zero energy Majorana states is localized at the boundaries of the sample, their behavior is the similar (but not the same) to chiral gapless edge modes that realized in CIs. At half-filling for t < t c , the wave function is localized at different bound-
FIG. 4. (Color online)
The real part of wave function of zero energy Majorana fermions (an imaginary part has the same behavior) defined on the lattice sites l (along the x-direction, N=5000). The edge modes are shown at t = 1 for k = π, 0.92π and at t = 1.3 for k = π, 3π/4, they are localized at the boundaries of the sample.
aries for the wave vectors k which belong to the regions between the Dirac points. For the wave vectors outside these regions they are delocalized. In the insulator state for t > t c , the zero energy wave function is localized at different boundaries for any k (see in Fig.4) .
To calculate the edge states, we consider cylindrical system with bearded edges at both boundaries (the zigzag boundaries along the ξ-direction). Zero energy Majorana states are realized at = 0, they are localized near the boundaries. The real part of the wave function of zero energy Majorana fermions as function of lattice site l along the axis of cylinder is shown in Fig.4 , the wave function is calculated for different k (behavior of the imaginary part of the wave function is the same). Thus, the 2D topological insulator state with zero energy Majorana fermion states is realized. At the same time, the Chern number and the Hall conductance are zero, which corresponds to trivial insulator state, in other words, the state of the 2D topological insulator with zero Chern number is realized.
Consider the behavior of the edge modes in the gaps [17] , which are realized at the energies = ±2 cos
Numerical calculations show that the values of the gaps ∆ are equal to ∆ = |t| + 0(t 2 ). In the t → 0 limit the energies of the zig-zag-ξ chains crosse in the points k p , the energies of the chains are shifted in In Fig 2c) it is shown, that two states of fermions of the ξ − n-chain with k n = k 0 (n − 1) ± k 1 (where k 1 = π 4 ), tunnel between the chains at the energy . These tunneling processes are realized due to the conservation of the momentum and energy. The corresponding states are determined by the Fermi opera-
Taking into account the tunneling of fermions in the gaps we can write the lowenergy Hamiltonian H ef f = τ (1)
where τ (1) is a constant that determines the tunneling of fermions between the nearest-neighbor ξ-chains, n define a lattice site along the x-direction or the number of the ξ-chain. Using the hermitean and antihermitean parts of the a n , leading to a Clifford algebra χ n = a n + a † n and γ n = an−a † n i , we redefine the Hamiltonian as i τ (1) 2
The Majorana operators γ n are defined by the algebra {γ n , γ m } = 2δ n,m and γ n = γ † n . Unlike traditional fermion hoppings, when the result of a hopping does not depend on the chirality (or the velocity of the particles), the conservation laws allow only hoppings of fermions between different chains with different velocities (for different signs of k 1 see in Fig.2c) ) and with a given sequence of changes in the chirality of the movement of fermions along the xchain (left-right, right-left,... for and right-left, leftright,... for − ). We define the effective Hamiltonian, which takes into account the low energy excitations of Majorana fermions in the gap near the energy
In the case N = qN c (N c is the number of the q-unit cells) from the lattice periodicity n → n + q, we can consider the states of fermions of one q-cell or N c cells, taking into account the tunneling of fermions belonging the nearestneighbor cells. The total Hamiltonian H( )+H(− ) does not break the U (1) symmetry of the Hamiltonian (1). According to Kitaev [16] the Hamiltonian (2) is describes the chain of isolated dimers of pairing Majorana fermions with the energy ± τ (1)
2 and two free zero energy Majorana fermions localized at the boundaries. The value of the gap, equal to t, corresponds to τ (1)
t. At the given energies ± two gapless edge modes with different chirality are localized at the boundaries, they determine the Hall conductance σ xy = (e 2 /h)C with the Chern number C = 1. In the center of the spectrum at = 0, the Hamiltonians (2) define gapless fermion states with the bandwidth τ (1) .
The generalization of the approach is based on the observation, that the Kitaev chains with the next-nearest neighbor hoppings between fermions describe two zero energy states of Majorana fermions localized at each boundaries. According to numerical calculations, the gaps are equal to ∆ = t 2 + 0(t 3 ) at = ± √ 2. These gaps are formed due to the hoppings of fermions between the next-nearest neighbor ξ-chains (see in Fig.2 ). The structure of the effective Hamiltonian, which defines the states of fermions in the gaps is the same, it is determined as sum of two chains, defined on even and odd lattice sites
where tunneling constant τ (2) t 2 determines the effective hopping between fermions located at the nextnearest neighbor ξ-chains.
The Hamiltonian (3) defines the zero energy states of Majorana fermions located at the ends of the chains with even and odd lattice sites (see in Fig.2) . The values of the gaps in the spectrum depend on distance between ξ−chains δ, the energies of which intersect for given k and . An effective tunneling constant for fermions of different chains is equal to τ (δ) t δ + 0(t δ+1 ). The number of chiral edge modes localized at a boundary of the sample is equal to δ, the dimension of a chiral mode is 1 2 (they propagate only in one direction). Calculating the energy of intersections of the spectra of the chains with the spectrum of the first chain and the distance between these chains and the first chain for an arbitrary rational flux φ = p q at t << 1, we obtain the diophantine equation pC γ = q · s + γ (here s is an integer) [3, 15] , the same equation as for a square lattice [2, 18, 19] . The Hall conductance σ xy = e 2 h C γ is defined for γ-filled subbands or fixed filling.
Finally, for given φ the equations for determining the Hall conductance in the gap ∆, given with the energy , have the following form: (δ) = ±2 cos(πδφ/2) and (δ) = ±2 sin(πδφ/2) and (δ) = 0, these equations were obtained in the limit t → 0, but they are valid for t ≤ 1. The equations define the sequence of gaps ∆( ) in the fermion spectrum with their Hall conductance, when the Fermi energy lies in the gap ∆. The spectrum is deformed with increasing t, but the sequence of the gaps does not depend on the value of t. For a rational flux these equations reduce to the Diophantine equation presented above, where γ is the analog of . In the case of experimentally realizable magnetic fields, that corresponds to q ∼ 10 3 − 10 4 , p = 1, in the semiclassical limit we obtain (δ) = π δ q , δ = 1, 2, 3, ... for the states near the center of the spectrum. This result, obtained in the t → 0 limit, valid for t < t c . In the case of t > t c (see Fig.3 ), the lowest energy gap corresponds to a insulator state with σ xy = 0 at half filling. This set of the gaps corresponds to the levels with the energies (δ) = π q (δ + 1/2) [20] . The experiments [21, 22] confirm an interesting behavior of the Hall conductance in graphene, which is quantized. This is an interesting new phenomena completely explained by the relativistic Dirac spectrum of graphene [23] .
Let us try to explain the behavior of the Hall conductance in the semi-classical approximation. The regions of the spectrum near the edges of a band, that correspond to small filling of particles or holes, and the center of spectrum, that correspond to a half-filling, are separated. The fermion states that determined by the Landau levels with the energies E = ±[3 − √ 3πφ(n + 1/2)] and the state with energies ±3 3/4 π √ 2φn [24] near the Dirac points have different the Hall conductance. At small filling the Chern number of n-filled subbands of spinless fermions is equal to n. Taking into account the spin degenerate and the Zeeman splitting we obtain the expression for the Hall conductance σ xy = e 2 h (2n + 1). For the fermion states near the center of spectrum the Zeeman splitting is small, so you can disregard it. We must take into account the degeneracy of states with energies near the center of the spectrum. The lowest Dirac level, separated by a space, in which two gapless edges are localized at the boundaries at x = 1 and x = N, resulting in C 1 = 1. The Chern number for the next level determined by 'new' two chiral modes localized at x=2 and x=N-1 and modes localized at x=1 and x=N with filling 1 (they form the pair of spinless fermions with different chiralities and momenta near the point k = π see in Fig.5 ). For the Fermi energy, that corresponds the second gap, the states of gapless edge modes with
q ) are fulfilled, this state corresponds to a pair of spinless fermions. In this case the Chern number is equal to C 2 = 1 + 2 = 3, the structure of the Chern number C 3 is as follows C 3 = 1 + 2 × 2. It is considered that two 'new' modes localized at x=3 and x=N-2 plus two pairs of spinless fermions at x=1,x=N and x=2,x=N-1. For the states of spinless fermions near the center of the spectrum we obtain the expression for the Chern number C n = 2n − 1 (here (n-1) is the number of pairs of spinless fermions localized at the boundaries), the Hall conductance is equal to σ xy = We study the spectrum and topological numbers in the case of an irrational magnetic flux. As an illustration, we consider the evolution of the simplest rational flux q = 3 (see in Fig.6a) ) to an irrational flux q = √ 8 = 2.82843... (see in Fig.6b),c) ). Although the flux values differ slightly, the fine structure of the spectrum with other topological numbers corresponds to the irrational flux. For an arbitrary flux φ in the t → 0 limit, the energies of fermions in the chains are shifted by πφ and intersect at the points k p = πpφ, p = ±2 cos( ) in atomic layers at the boundaries (1;N) near the center of the spectrum as a function of the wave vector, the spectrum is symmetric around zero energy. Dashed lines define the Fermi energies or the center of the gaps in insulator states in t → 0-limit in the case n=0,1,2. The chiral modes and the pairs of spinless fermions localized at the boundaries are denoted by circles and disks.
ary conditions were obtained for samples of sizes N q is a natural number. When calculating the spectrum for an irrational flux, which is approximated by rational numbers φ p q , we assume that N < q. In this case numerical calculations correspond to a spectrum with an irrational flux to within , t = 1, obtained on the lattice with size N = 200, are shown in Fig.6b ),c). Comparing the spectra with q = 3 Fig.6a ) and q = √ 8 Fig.6b ) we see its transformation. So a fine structure of each subband is formed with an irrational flux, the spectrum remains symmetric with respect to zero energy. A complex fine structure of the spectrum is realized near its center. We consider the fine structure of the subband near zero energy, limited in energy 1 < ≤ 0 (see in Fig.6c) ). In the t → 0 limit we obtain the following set of the gaps for the fine structure of the low energy subband = 0.888 ⇒ δ = 2, = 0.714 ⇒ δ = 5, = 0.564 ⇒ δ = 9, = 0.533 ⇒ δ = 8, = 0.379 ⇒ δ = 6, = 0.347 ⇒ δ = 11, = 0.190 ⇒ δ = 3,..., where the energy determine the position of the gap in the fine structure of the subband and δ is the number of gapless edge modes localized at a boundary of the sample. We have considered all possible gaps in the fine structure of the low energy subband when δ changes from 1 to 11. The topological properties of the fine structure of the subband are conserved with an increase in the value of t, therefore it is fair to expect that the Hall conductance of each subband is determined by these values of δ. The calculation of the fine structure of a low energy subband is shown in Fig.6 c) , the energies corresponding to the gaps vary, but their sequence and the total numbers of gapless edge modes in the gaps, that define the Hall conductance of the subbands, are conserved. The fine structure of the subband is determined by the gaps with δ = 2, 5, 8, 11, 3 (see in Fig.6 c) ). A super fine structure determines the splitting of subbands with very close energies = 0.564 and = 0.533, = 0.379 and = 0.347, it is the band collapse in the case of an irrational flux [20] .
THE HOFSTADTER MODEL OF INTERACTING ELECTRONS
The interaction between fermions 'kills' the state of the topological isolator, it is obvious that in the case of strong interaction a trivial insulator state is realized. Below, we consider in detail the stability of the topological insulator state in the presence of the on-site interaction U j n j;↑ n j;↓ . In graphene the distance between the Landau levels is very large compared to the Zeeman splitting [23] , so we will not consider this term. The total Hamiltonian takes into account also the terms (1) for fermions with different spins. In the limit t → 0 the model (1) with the on-site Hubbard interaction is reduced to the isolated Hubbard ξ−chains. We consider the case of a weak on-site interaction U << 1, when U ∼ t or U ∼ ∆. In the case of a weak interaction the electron spectrum of the Hubbard ξ-chain is renormalized slightly.
We accent our consideration on the behavior of edge modes in the gaps for an rational flux. As we noted above, only two states of spinless fermions into the gaps with fixed wave vectors ±πδ/q, defined at one lattice site n, tunnel between the ξ−chains, these states have different chirality (see in Fig.2c) ). Taking into account that the density of fermions at the site j = {n, l} (l numerates the lattice sites along the ξ-chains) and the energy is determined as n n,l;σ = n n;σ ( ) = i 2 γ n;σ χ n;σ + 1 2 . Taking into account that
4 γ n;↑ χ n:↑ γ n;↓ χ n:↓ , here m(n, 2k 0 (n−1); σ) = n n;σ ( )− 1 2 . We used that the spectrum is periodic with the period k 0 . Taking into account the interaction term, we define an effective low-energy Hamiltonian
γ n;σ χ n+δ;σ − U 4 n γ n;↑ χ n;↑ γ n;↓ χ n;↓ ,
where δ denotes also the number of the chains of electrons with the hopping integral τ (δ) between electrons located at the sites on the distance δ, in (4) Majorana fermions are defined for fermions with different spins.
Taking into account the spin freedom of fermions, the Chern number for electron subbands and the gapless edge modes doubles. The Hamiltonian (4) with the on-site Hubbard interaction has be diagonalized exactly by Mattis and Nam [13] . The model is reduced to chain of spinless fermions (2) with the chemical potential U [13] . According to [13] , the ground state degeneracy is dependent on whether κ = U τ (δ) > 4 or otherwise. In the thermodynamic limit there are zero energy Majorana states, they are realized in the interval |κ| ≤ 4. The number of chiral gapless edge modes is associated with the topological order, so for |κ| = 4 in the thermodynamic limit a topological phase transition between phases with different Chern numbers is realized. The value τ (δ) decreases with increasing of δ, depends on . The phase state, for which | U ∆ | > 4, is topological trivial state, when the interaction is taking into account. The topological ambitions of the subbands are limited by a weak interaction U < 4∆.
CONCLUSION
We have studied the behavior of 2D fermions in the Hofstadter model, defined on the honeycomb lattice, focusing our attention on the structure of the chiral gapless edge modes in the gaps. In contrast to the traditional approach, when the states of the bulk fermions are mainly taken into account, we pay attention to the study of fermion states in the insulator gaps, since these states determine the Hall conductance. This approach makes it possible to calculate the Hall conductance in CI for an arbitrary flux. The structure of chiral gapless edge modes is described within the framework of the Kitaev chain, with effective hopping integral between Majorana fermions. For an irrational flux the fine structure of the subbands transforms to the super fine structure with infinite number of subbands and different numbers of chiral gapless edge modes. We have shown also, that at half-filling a gapless state, is unstable in the case an isotropic Hofstadter model; an external magnetic field leads to gapped (insulator) state. The 2D topological insulators that support chiral gapless edge modes are extremely susceptible to short range electron-electron interactions, for U > 4∆, the Hubbard interaction destroys the Majorana gapless edge states. We hope, that the obtained criterion for the stability of the topological state with allowance for the short-range repulsion between fermions is applicable to a wide class of topological insulators.
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